Abstract-This work focuses on the accuracy of the mode content measurements in an overmoded corrugated waveguide using measured radiated field patterns. Experimental results were obtained at 250 GHz using a vector network analyzer with over 70 dB of dynamic range. The intensity and phase profiles of the fields radiated from the end of the 19 mm diameter helically tapped brass waveguide were measured on planes at 7, 10, and 13 cm from the waveguide end. The measured fields were back propagated to the waveguide aperture to provide three independent estimates of the field at the waveguide exit aperture. Projecting that field onto the modes of the guide determined the waveguide mode content. The three independent mode content estimates were found to agree with one another to an accuracy of better than ±0.3%. These direct determinations of the mode content were compared with indirect measurements using the experimentally measured amplitude in three planes, with the phase determined by a phase retrieval algorithm. The phase retrieval technique using the planes at 7, 10, and 13 cm yielded a mode content estimate in excellent agreement, within 0.3%, of the direct measurements. Phase retrieval results using planes at 10, 20, and 30 cm were less accurate due to truncation of the measurement in the transverse plane. The reported measurements benefited greatly from a precise mechanical alignment of the scanner with respect to the waveguide axis. These results will help to understand the accuracy of mode content measurements made directly in cold test and indirectly in hot test using the phase retrieval technique.
I. INTRODUCTION
C ORRUGATED waveguides are used as transmission lines to transmit high-power microwaves for various applications, e.g., electron cyclotron resonance heating (ECRH) of fusion plasmas [1] , plasma diagnostics [2] , radar, materials heating, and dynamic nuclear polarization (DNP) nuclear magnetic resonance (NMR) spectroscopy [3] , etc. The power is transferred by coupling the output microwave beam from a gyrotron to the fundamental HE 11 mode of an overmoded corrugated waveguide. The linear polarization of the HE 11 mode and its field vanishing at the waveguide boundary provide the maximum coupling to the free space microwave beam which in turn maximizes the power transmission efficiency through the corrugated transmission lines [4] - [6] . The transmission losses due to ohmic losses and higher order modes must be estimated correctly for optimizing the performance of different components which are part of the whole transmission system, e.g., mirrors and polarizers at the miter bends [7] . Though corrugated waveguide transmission lines have low loss, higher order modes and alignment are still a big concern in the ECRH transmission lines of a tokamak where several tens of meters of corrugated waveguide are used for megawatt level power transmission from a gyrotron to the plasma [8] - [10] . Recent developments in high field NMR spectroscopy require the transmission of high power at higher frequencies, extending to the terahertz (THz) band [11] - [16] . In DNP-NMR experiments, the gyrotron and NMR magnets are placed far apart to avoid interference. This increases the length of the transmission line required to transfer the microwave power to the NMR sample. This arrangement is done via a probe assembly consisting of several tapers and miter bend reflectors in order to couple the microwave beam to a smaller diameter waveguide for final transfer to the NMR sample [13] , [17] . A misalignment in the system will reduce the transmitted microwave power to the DNP-NMR sample. With an increase in frequency, higher tolerances are needed on the dimensions of the waveguide components and their precision alignment for low mode conversion loss and high transmission efficiency. Measurement inaccuracies and misalignment such as tilted injection into the waveguide can excite unwanted higher order modes which cause high transmission loss and arcing events in the waveguides [18] , [19] . A gyrotron output beam that is not a perfect Gaussian in quality also deteriorates the waveguide performance by coupling to higher order modes and increases losses and reflections.
In this paper, we focused on two issues: to experimentally validate the phase retrieval technique and to correctly determine the higher order mode content in a transmission line in order to estimate the power loss due to higher order modes [7] , [19] , [20] . First, we performed measurements of the intensity and phase profiles of the radiated field from an open-ended corrugated waveguide. We then used diffraction theory to propagate 0093-3813/$31.00 © 2012 IEEE the measured field back to the waveguide aperture and analyzed the misalignment errors in the measurement system and their effect on the calculated higher order modes. We used a helically tapped corrugated waveguide designed for 330 GHz. The field measurements were performed using a vector network analyzer (VNA). This is explained in Section II. The phase measurements, down to ∼−70 dB of the peak field intensity using the VNA, also help to analyze the misalignment errors and validate the phase retrieval technique [21] - [23] . This technique is explained in Sections III and IV. Section V discusses the modes of the corrugated waveguide using the complex field (intensity and phase) information and the diffraction theory by propagating the field back to the waveguide aperture.
II. EXPERIMENTAL SETUP AND MEASUREMENTS

A. Experimental Setup and Procedure
We used a 1.8 m long helically tapped corrugated waveguide designed for 330-GHz frequency and constructed from six 19 mm ID, 30 cm long brass tubing sections tapped with an 80 grooves per in (3.15/mm) tap [24] , [25] . The corrugated waveguide is designed for transferring the microwave power from a 330-GHz tunable gyrotron [12] to a 500-MHz DNP-NMR spectrometer. A VNA (Agilent E8363B with millimeter wave extender V03VNA2-T/R) was used to measure the amplitude and phase profiles over a 10 cm × 10 cm scanned cross section of the measurement plane. The operating frequency was 250 GHz with a bandwidth of 10 MHz. The linearly polarized (LP) HE 11 mode for testing was obtained from the combination of waveguide transitions; WR-3 VNA waveguide to WR-5 waveguide transition; rectangular to circular waveguide; smooth circular to corrugated waveguide transition; and a transition to a corrugated horn. The corrugated horn was then connected to the brass waveguide for testing using a smoothwall dielectric uptaper. The receiving waveguide and the VNA head were placed on an automated computer-controlled 3-D scanner to measure the intensity and phase profiles on a plane parallel to the waveguide aperture at many locations along the waveguide axis. The experimental setup is shown in Fig. 1 . Alignment of the intensity and phase measurement setup is an important issue in correctly evaluating the excited modes of the corrugated waveguide. We aligned the setup using a laser and two irises with a pinhole of 1 mm on both ends of a 2-m section of the corrugated brass waveguide (Fig. 1) . The receiving antenna is a cut waveguide (WR-3) that is attached to the VNA extender which is placed on the scanner rails. The total mechanical error induced by the scanner alignment in the measurement plane parallel to the waveguide aperture is estimated to be less than 0.12
• in both x and y directions. The offset error of the receiver waveguide with respect to the center of the corrugated waveguide aperture is estimated to be 0.25 mm in both x and y directions.
Measurements were done at several distances from 7 cm to 30 cm from the waveguide aperture to validate the phase retrieval technique and mode content accuracy. The step size of the measurement points in each cross section of the plane was chosen to be on the order of the wavelength at 250 GHz. Although the VNA measured the intensity from ∼−24 dB down to ∼−94 dB, the shown intensity is normalized with respect to the peak intensity value. Our phase measurement accuracy can be seen clearly in terms of concentric rings in the low power density areas down to −50 dB or less of the corresponding intensity pattern (Fig. 2) . The sidelobes in the intensity profiles around the main lobe are due to field diffraction at the waveguide aperture.
Cross polarization measurements were also done at the same frequency. The measured peak field intensity in the crosspolarized field is 26 dB less with respect to the peak intensity of the co-polarized field. Polarization rotation by a helically grooved waveguide is less of an issue at higher frequencies because of the inverse frequency squared scaling [6] . The rotation angle in radians can be estimated as θ ∼ = ((2.405/ka) 3 Lp/λa), where p is the groove pitch, L is the waveguide length, a is the internal waveguide radius, k = 2π/λ is the wavenumber and λ is the wavelength. For our waveguide parameters, the total rotation is estimated as 0.04
• at 330 GHz for the 2-m section of waveguide.
B. Amplitude and Phase Repeatability Error of VNA
The VNA adds the ability to measure the phase characteristics of microwave signals over a very large dynamic range with high accuracy. We start with an assessment of the errors of our VNA extender. One significant source of error was due to the changes in the electrical length of the cables supplying the local oscillator signal to the two extension heads. We found that movement of the heads, even after the heads are moved back to their initial positions, led to differences in the measured phase. This phase change is due to the positioning errors and unavoidable bending of the cables that the movement involved, resulting in changes of the electrical length of these cables that remains even after the heads are moved back to their initial position. We supported the cables to constrain their movement to a similar path for all sets of measurements. Then, we performed repeated intensity and phase measurements to quantify the error due to the drift in the local oscillator signals supplied to the heads. The repeated measurements were made at 7 cm from the waveguide aperture. The VNA detected the intensity signal in dB and phase was wrapped in the modulo of 2π. Fig. 3 shows the intensity and phase repeatability error of the VNA with respect to the measured intensity. The repeatability error of phase and intensity is calculated with respect to intensity at every (x, y) location on the measurement plane by evaluating the standard deviation of the repeated measurements and plotted with respect to the measured intensity from peak value to minimum. The error in the intensity in the high intensity region down to −40 dB of the peak intensity is less than 0.5 dB and the phase error is less than 3
• . In the low intensity areas in the range below −40 dB (Fig. 2 ) the phase error is 5 to 12
• and the intensity error is more than 1 dB. These errors are sufficiently small that they do not affect the final results. The accuracy of the estimate of the mode content is affected by the accuracy of alignment of the scanner with respect to the axis of the waveguide. We estimate that the uncertainties in the orientation and position of the scanner due to misalignment are θ x = 0.12
• , θ y = 0.12 • , Δ x = 0.25 mm and Δ y = 0.25 mm. The total error is estimated using the square root of the sum of squares of the x and y angular and offset errors. We used (22) of [19] and find that the mode content error is estimated to be 0.3%. 
III. ANALYSIS OF MEASURED INTENSITY AND PHASE PROFILES
A. Mode Content Results
The measured complex field (intensity and phase) u(x , y , z j ) was analyzed in detail by propagating it back to the waveguide aperture using the complete diffraction integral [23] , [26] given by
where r is the propagation vector representing the distance between any point in the observation plane at z j and the input plane at z i , given by
(x, y, z i ) are the waveguide aperture plane coordinates, (x , y , z j ) are the measurement plane coordinates, and, Ω is the size of the measurement plane. Fig. 4 (a) and (b) shows the intensity and phase at the waveguide aperture, propagated back from 7, 10, and 13 cm, along the x and y dimensions, respectively. The data shown are the raw data without any tilt and offset correction. An excellent agreement can be seen in the three back propagated field intensities down to −42 dB of the peak intensity. The three phase profiles are also in good agreement. The small departure of phase profiles from being flat at the waveguide aperture is due to the higher order modes that were present in the waveguide. The three phase profiles in Fig. 4(a) and (b) agree within the misalignment error and measurement error of the VNA.
The back-propagated fields can be projected onto the modes of the corrugated waveguide to determine the mode content. The coefficients of fundamental and higher order modes excited in the waveguide are calculated using the orthonormality condition of the corrugated waveguide modes. For commonly used circular corrugated waveguides, the wave equation leads to the orthonormal cylindrical modes in terms of Bessel functions given by
where a is the waveguide radius, χ mn is the nth zero of the Bessel function J m and (r, φ) are the cylindrical coordinates, Z 0 is the free space impedance and P 0 is the power of the radiated field. The field in an open ended waveguide can be written as a combination of these modes
Here, the complex coefficients A mn can be calculated using the orthonormality condition of the Bessel function as
where u mn (r, φ) is the mnth mode of the corrugated waveguide given by (3) . We obtain three independent measurements, at 7, 10, and 13 cm, as shown in Table I . The agreement between these three independent measurements is found to be within our estimated error of ±0.3%. From these three measurements, we may also obtain an average mode content result, also shown in Table I . The results in Table I show that the mode content is 94.2% HE 11 mode; 4.0% LP 02 mode; with the remainder spread out over many modes.
The estimated error in the mode content measurement is 0.3%, as noted earlier. Most of the values in Table I are below this level and are therefore not reliable. They are included for completeness. The LP 02 mode is likely generated before the entrance to the transmission line in the tapers; this mode has very low loss on the line.
B. Misalignment Analysis
The measured intensity and phase profiles were analyzed for misalignment errors based on the first-and second-order moments. Fig. 5 shows the x and y centroids and the effective spot size of the radiated field along the propagation axis calculated using the expression of the nth order general moments given by • and θ y = −0.05
• . These slopes of the first moment evolution shown in Fig. 5 are in good agreement with the expressions given by the quasi-optical moment theory [22] . The x and y centroid angles and offsets with respect to the mechanical axis, and, center of the waveguide aperture may be due to the higher order mode contents, the alignment errors or both. In order to further analyze the tilt and offset the fields from the measured positions are propagated back to the waveguide aperture. The centroids of the back propagated fields at z = 0 are then calculated. For an aligned system, the centroids of all the back propagated fields at the aperture should coincide and must be consistent with the centroid calculated by extrapolating the straight line (Fig. 5) at z = 0. A disagreement could arise from scanner misalignment error leading to incorrect data analysis. It is found from the calculations that the x centroid was offset by 0.18 mm whereas the y centroid was almost perfectly aligned. Therefore, based on back propagating the fields to the waveguide aperture and their centroid calculations, a tilt correction was made in the x direction. From the analysis, we confirmed that the setup was aligned within the mechanical limits, θ x,y ∼ 0.12 • tilt of the measurement plane and Δ x,y ∼ 0.25 mm in offset at the waveguide aperture.
The field is propagated from the aperture plane to 30 cm along the propagation axis and the beam spot size is calculated by the second-order moments using (6) . The calculated effective beam spot size is shown in Fig. 5(b) . The radiated field profile is elliptical at the aperture extended in the y axis. The simple astigmatic behavior of the radiated field can be seen in Fig. 5(b) where the small ellipticity of the field flips from the y-axis to the x-axis with increasing z. The field diffraction at the aperture of the waveguide in the near field affects the minimum beam spot size location which lies outside the waveguide aperture by 3.5 mm and 4 mm in x and y directions, respectively. Fig. 6 shows the calculated radiated intensity profile in the x and y axis along the direction of propagation. The shown intensity profile is calculated using the field measured at 7 cm from the aperture and (1). Fig. 6 shows that at larger z, the measurement plane in x − y should be increased. At larger distances from the aperture, the field intensity lost outside of the boundary of a fixed measurement plane size affects the mode content retrieval and phase reconstruction of the field. 
IV. PHASE RETRIEVAL ANALYSIS
At high-power levels, phase measurements are not practical and one has to rely on the analysis of a series of intensity profiles to retrieve the phase information [21] . The retrieved phase along with the measured intensity are used to analyze the radiated field. Using diffraction theory, the radiated field is used to align the quasi-optical components of the transmission line system and correctly predict the higher order modes in the corrugated transmission line. Therefore, it becomes necessary to estimate the accuracy of the phase retrieval technique. This can be done based on the known (measured) phase information [22] . In our experiments, the highly accurate phase profile measurements made at low power levels using a VNA adds the flexibility to validate the phase retrieval technique. This validation requires many different parameters to be analyzed e.g., separation between the measurement planes, location of the measured intensity with respect to the radiating aperture, measurement cross section dimensions, etc. We performed intensity and phase measurements at two different sets of locations 7/10/ 13 cm and 10/20/30 cm from the waveguide aperture. The phase was reconstructed by the phase retrieval technique [21] - [23] and compared with the measured phase at all these locations. Fig. 7(a) and (b) shows the measured and reconstructed intensity and phase profiles at 10 cm from the waveguide aperture. The red line (solid and dashed), which represents the field reconstructed for closely spaced planes 7/10/13 cm, shows better agreement with the black line (measured at 10 cm) compared to the blue line which represents the field reconstructed for farther spaced planes 10/20/30 cm. The phase curvature agreement of closely spaced planes in the near field of the aperture within one Rayleigh length ≈ 10 cm (assuming a beam waist of 0.64a, a = radius of the waveguide) goes down to less than −30 dB of the peak intensity in both x and y axis. This clearly indicates the advantage of using closely spaced planes that are close to the radiating aperture. Measurements at greater distances are prone to larger errors due to misalignment because one needs a larger cross section of the measurement plane. These results experimentally validate the phase retrieval method down to ∼−40 dB which covers more than 99.95% of the power in high quality beams. Table I shows the comparison of the mode contents obtained by five independent measurements; the measured field back propagated to the waveguide aperture from 7, 10, and 13 cm; phase reconstructed field for 7/10/13 cm; and phase reconstructed field for 10/20/30 cm. The higher order modes are calculated in terms of LP modes explained in [20] . Since the output RF beam of a gyrotron is a LP field which is coupled to the HE 11 mode (LP) of an open-ended corrugated waveguide for low loss transmission, therefore it is more convenient to represent the field in terms of LP modes. For the three measurements obtained by back propagating the fields from 7, 10, and 13 cm (column 2, 3, and 4), excellent agreement can be seen in the higher order LP modes. The only exception is an increase of 0.7% in the HE 11 mode and a decrease in the LP 02 mode by the same amount for farther distances. This difference likely derives from the combination of small misalignment in the measurements and the diffraction effects that prevail in the near field for a mode with a higher index. The fifth column is an average of the results in these three columns. The mode contents calculated from the phase reconstructed field (7/10/ 13 cm) are in good agreement with the mode contents calculated from the back propagated fields.
The last case, where the mode contents are calculated from the reconstructed field at 10/20/30 cm, has a significantly higher value of HE 11 mode content. This can be confirmed from Fig. 6 where the radiated field is lost outside of the boundary of the cross section for larger distances removing the effect of higher order modes which radiate at larger angles. This result again indicates that the field measured close to the waveguide aperture on closely spaced planes provides more accurate results in comparison to the larger distances due to the limited area of the scanned profile. Fig. 8(a) shows the intensity profile at the waveguide aperture calculated from the back propagation of the field from the 7 cm location and the field reconstructed from the 7/10/13 cm planes. Fig. 8(b) and (c) represents the intensity and phase at the waveguide aperture for the above case along the x and y axes. Good agreement can be seen between the two cases.
VI. CONCLUSION
The experimental results and analysis presented in this work demonstrate the importance of highly accurate alignment on the accuracy of the measurement of field patterns and waveguide mode content. Misalignment will clearly lead to incorrect estimation of the higher order modes in an overmoded terahertz corrugated waveguide. This incorrect estimation would also lead to erroneous evaluation of the loss in the waveguide due to these higher order modes. A tilt of more than 0.1
• and an offset of 0.25 mm in the intensity measurement cross section at higher frequencies would significantly affect the calculated power in the other modes. The accurate phase measurements performed using the VNA down to ∼−50 dB of the peak field intensity helps to correctly predict the alignment problems and to validate the phase retrieval technique. We have shown that intensity measurements made close to the radiating aperture in the near field on closely spaced planes provide more accurate retrieved phase and decomposition of waveguide modes. The error in the mode content based on the direct phase measurements and the retrieved phase is less than ±0.3% for the fundamental mode HE 11 . A discussion of the losses due to the higher order modes based on this modal decomposition is presented in [25] . This analysis is useful in characterizing the corrugated transmission lines for ECRH and DNP NMR spectroscopy experiments.
